Introduction
The advent of photonic and phononic crystals, and electromagnetic and acoustic metamaterials, has attracted extensive attention and profoundly affected researchers, since such do not appear in nature and exhibit novel characteristics unavailable with natural materials. Phononic crystals and acoustic metamaterials were developed following on photonic crystals and electromagnetic metamaterials by conceived with different forms of waves, and they respectively exhibit analogous behavior. Acoustic metamaterials are regarded as a new type of artificial composite acoustic material that is closely related to the concept of phononic crystals at a subwavelength scale. The fact that the unit cell dimensions in acoustic metamaterials is roughly one tenth that of the acoustic wavelength, or even smaller, makes these materials especially promising in a broad range of applications, since their size is far smaller than that in phononic crystals which are impractically huge and unapplicable in real life, and triggering intensive research on a variety of topics since Liu et al. (2000) . They first engineered a cubic array of bi-layer coated spheres in water that show a complete band gap as a result of effective negative elastic constants. The other two novel properties of acoustic metamaterials include a negative mass density and a negative refractive index.
Abstract
Much effort has been made to experimentally fabricate acoustic metamaterials that display novel properties, such as single or double negativity, negative refractive index. The novel properties displayed by acoustic metamaterials and their deep subwavelength nature, whereas the size of phononic crystals is in a comparable scale to wavelength, facilitate the development of real-world applications, from sound attenuation to superlenses, and acoustic cloaking. Compared with a conventional trial and error method, a systematic structural design methodology such as topology optimization is useful to achieve optimal designs of acoustic metamaterials. This paper proposes a topology optimization method for the design of acoustic metamaterials with the property of negative mass density. We consider mass-in-mass system that consists of a solid inclusion coated with a soft materials embedded in matrix material to produce a local dipole resonance that demonstrate negative mass density. The optimization is conducted to find optimal configurations of a locally resonant unit cell structure which achieves negative mass density at a certain desired frequency. The S-parameter retrieval method is efficaciously applied to describe the acoustic metamaterial according to its effective mass density. A level set-based method is employed to obtain the optimal configurations that have clear boundaries without gray scales, which would otherwise limit fabricability of the obtained acoustic metamaterial designs. The sensitivity analysis is performed by the adjoint variable method, and a reaction-diffusion equation is used to update the level set function. Several numerical examples are provided to demonstrate how the algorithm works, and the obtained optimal configurations illustrate the achievement of acoustic metamaterials that have negative mass density at certain prescribed frequencies.
After the pioneering work of Liu et al., much research was subsequently carried out on experimental fabrication and theoretical analysis of acoustic metamaterials. Fox and Zhang developed a metamaterial that combines water-filled unit cells composed of four 12.5 mm-long aluminum rod-spring resonators and one 10 mm-long aluminum Helmholtz resonator, and demonstrated that the real component of the acoustic index was negative (Fok and Zhang, 2011) . Fang et al. (2006) presented an ultrasonic metamaterial with a negative modulus, consisting of an array of Helmholtz resonators analogous to inductor-capacitor circuits operating in a narrow frequency band from 31 to 35 kHz . Furthermore, a multiresonator mass-in-mass system has been used to fabricate an acoustic metamaterial that displays multiple band gaps due to its negative effective mass density (Huang and Sun, 2010 ). In the above research, the acoustic metamaterials were obtained using different kinds of resonators to achieve negative bulk modulus or negative mass density (single negativity).
The novel property of single negativity can be exploited to design devices that exhibit bandgap behavior, and acoustic waveguides that guide, block, or manipulate the transmission of sound waves at prescribed frequencies. Double negativity (negative bulk modulus and negative mass density) leading to a negative refractive index is another unusual phenomenon attracting much research attention, with development of devices that include acoustic metamaterial lenses and cloaking devices. A variety of acoustic superlenses and magnifying hyperlenses have been demonstrated using locally resonant or non-resonant acoustic elements to focus ultrasound waves, in devices with enhanced capabilities tailored for highresolution medical imaging, non-destructive structural testing, and underwater sonar sensing (Ao and Chan, 2008 , Li, et al., 2009 was the first to design a low-loss broadband acoustic metamaterial cloak for underwater ultrasound, using a network of acoustic circuit elements. García-Chocano et al. (2011) designed a non-symmetric acoustic metamaterial cloak based on a dispersed distribution of cylinders with an operating frequency of 3061 Hz by inverse design. Acoustic cloak applications include underwater stealth technologies and the soundproofing of areas.
Several structural designs have been proposed to achieve the design of acoustic metamaterials that have negative effective mass density. Mei et al. (2007) rigorously derived effective dynamic mass density expressions for an inhomogeneous structure consisting of a matrix and inclusions, which exhibited negative dynamic mass density at a finite frequency. The mechanism of wave propagation in an acoustic metamaterial with negative effective mass density has been studied and the results are expected to be applied to the design of metamaterials (Huang and Sun, 2009) . A number of designs of acoustic metamaterials with negative mass density resulting from local resonances have been achieved experimentally and analyzed theoretically (Huang and Sun, 2009 , Liu, et al., 2000 , Liu, et al., 2005 , Sheng, et al., 2003 . Additionally, a membrane-type acoustic metamaterial with negative dynamic mass density, experimentally realized by Yang et al. (2008) and , has also been reported.
In the case of acoustic metamaterials with negative mass density, most of the realizations have been based on a mass-in-mass system, a so-called local dipole resonance structure ( Fig. 1(a) ), which has a typical effective mass density curve ( Fig. 1(b) ). As shown in Fig. 1(a) , the composite consists of a solid inclusion coated with a different material, embedded in a matrix material. Generally, the matrix and inclusion are hard materials, and the coating is softer (Liu, et al., 2005) . The density of the coating is sufficiently high and that of the inclusion is higher than that of the matrix . Relatively incompressible materials such as water or epoxy are typically used as the matrix material, and soft materials such as rubber or silicone rubber are applied over solid shapes made of lead or other metal.
In most of the above-mentioned research, however, the designs of the metamaterial structures were developed using an intuitive and experimental approach. Nevertheless, to obtain metamaterial designs that optimally achieve specified targets, and to explore this realm with greater freedom and potential for discovery, a powerful and systemic design method is desirable. To achieve such systemic design approach, here, we present a level set-based topology optimization method for the design of acoustic metamaterials that have negative effective mass density and achieve specified performance targets.
Topology optimization is a mature structural optimization method, an outgrowth of the size and shape structural optimization methods that have been studied for roughly 50 years. Compared with the earlier two approaches, topology optimization offers the highest degree of design freedom, as well as an infinite range of potential designs, since any initial design can be used. Topology optimization allows changes in the structure's outer shape. Topology optimization is therefore advantageous for achieving designs that have specific targets, and is often used in manufacturing industries to obtain optimal structures that minimize weight.
The fundamental concept of topology optimization is the replacement of an optimization problem with a material distribution problem within a fixed design domain, first proposed by Bendsøe and Kikuchi (1988) . Currently, there are two popular approaches used in topology optimization design problems. The first and the most widely-used one is a density- based approach that uses the normalized density as the design variable to achieve a material distribution of two or more phases (generally, a material and non-material/void phases). The density-based approach led to the development of SIMP (solid isotropic material with penalization) methods (Rozvany, et al., 1992) . Well-developed density-based approaches have been successfully applied in a wide range of topics, as described in the work of Dühring et al. (2008) , Yamamoto et al. (2009) for acoustic design problems, Wiker et al. (2007) for fluid problems, and Dobson et al. (1999) and Dühring et al. (2010) for electromagnetic wave propagation problems. However, this approach produces the optimal configurations which suffer from numerical instability problems, such as grayscales and mesh-dependency.
The second widely-used topology optimization approach in level set-based topology optimization methods that employ an intersected evolving contour to implicitly represent the interfaces between different material phases (Allaire, et al., 2004 , Osher and Fedkiw, 2001 , Sethian, 1999 , Sethian, 2001 , Wang, et al., 2003 . Such methods can provide clear optimal configurations directly and conveniently, which avoid intermediate material phases (grayscales) and mesh-dependent spatial oscillations (checkerboarding or staircasing). In this level set-based topology optimization method, the evolution of the level set function is governed by a Hamilton-Jacobi equation. In 2010, Yamada et al. (2010) developed a level setbased topology optimization, which incorporates a reaction-diffusion equation for updating the level set function during the optimization. This scheme differs from updating schemes based on the Hamilton-Jacobi equation (Allaire, et al., 2004 , Osher and Fedkiw, 2001 , Wang, et al., 2003 that were first explored some years ago. This method allows topological changes, i.e., the increment of the number of the holes, and the control of the complexity of optimal configuration by a regularization parameter, to the optimal configurations, whereas Wang et al.'s (2003) and Allaire et al.'s (2004) methods change the boundaries of the structures and decrease the number of the holes.
Level set-based topology optimization methods usually require regularization to deal with the ill-posed nature of most structural optimization problems and to improve performance (Ambrosio and Buttazzo, 1993 , Dijk, et al., 2012 , Wang, et al., 2003 . Over the past decade, level set-based topology optimization methods have been applied to a variety of problems, using various design constraints and physics. Initially, such methods were applied to structural mechanics problems Jouve, 2005, Osher and Fedkiw, 2001 ). Subsequently, application was extended to electromagnetic wave propagation (Shim, et al., 2008 , Zhou, et al., 2010 , heat conduction (Iga, et al., 2009 , Zhuang, et al., 2007 , fluid problems (Challis and Guest, 2009 , Duan, et al., 2008 , Zhou and Li, 2008 , electro-mechanical systems (Luo, et al., 2009) , and optical structures (Frei, et al., 2007 , Kao, et al., 2005 .
In this paper, we apply a level set-based topology optimization method developed by Yamada et al. (2010) for the design of an acoustic metamaterial. Level set-based topology optimization methods incorporating Yamada et al.'s updating scheme have been applied to a range of design problems in various physical systems, including compliance minimization (Yamada, et al., 2010) , compliant mechanisms (Yamada, et al., 2010) , eigenfrequency problems (Yamada, et al., 2010) , heat conduction (Yamada, et al., 2011) , electromagnetic metamaterials (Otomori, et al., 2012) , and acoustic metamaterials (Lu, et al., 2013) .
Here, we present a level set-based topology optimization method for the design of an acoustic metamaterial that displays negative mass density, by making structures locally resonate at target frequencies. Unlike the case for the design of acoustic metamaterials with negative bulk modulus, we consider a mass-in-mass system that consists of a solid inclusion coated with a soft materials embedded in matrix material to produce a local dipole resonance to demonstrate negative mass density. The purpose of the optimization is to find the optimal configuration of soft and matrix materials. The rest of this paper has the following outline. The topology optimization problem is formulated in Section 2 and the numerical implementations, including the design variables to be optimized and the optimization flowchart, are described in Section 3. Several numerical examples are then presented to demonstrate the operation of the proposed method, and verify its feasibility. Finally, we offer conclusion and propose future avenues for research.
Formulation

Level set-based topology optimization method
Topology optimization is a structural optimization that finds out an optimal configuration of a domain Ω filled with a solid material, by minimizing an objective functional F, under some constraints. Suppose that the constraint functional is a volume constraint V, the topology optimization problem can be described as follows.
inf
where f is a density function of the objective functional, x represents a point in Ω, V max is the upper limit of the material volume. By introducing a fixed design domain D and the characteristic function χ Ω as follows,
The original topology optimization problem is replaced with a material distribution problem in the fixed design domain D as follows
However, the above topology optimization problem is ill-posed since the characteristic function, defined in L ∞ , is discontinuous, which can induce the obtained configurations expressed by the characteristic function to be discontinuous in the fixed design domain. Thus, regularization techniques such as the homogenization method (Allaire, et al., 1997, Suzuki and Kikuchi, 1991) are used to overcome this problem. By the introduction of the regularization techniques, the obtained optimal configurations yield to the generation of grayscales. Although the existence of grayscales is allowed in the optimal configurations, they are problematic in the respect of engineering since such configurations are difficult to be regarded as practical designs to be manufactured.
Level set-based topology optimization methods are another type of structural optimization method to search for an optimal configuration, which is a combination of topology optimization and level set methods. Such methods are numerical techniques for tracking moving interfaces and then obtaining certain shapes after evolutionary changes of the level set function φ(x). Simply put, an n-dimensional object is treated in an n+1-dimensional space. For example, when a three-dimensional cylinder shape in space is intersected by a two dimensional plane, perpendicular to the axis of the cylinder, the result is a circular disc, as shown in Fig. 2 . Here, the level set function represents a three-dimensional surface that is intersected by a two-dimensional plane, generally at zero height, the so-called iso-surface of the level set function. This iso-surface can be used to represent the structural boundaries of the optimal configuration between a material domain Ω and a non-material or void domain D\Ω in a fixed design domain D. That is, in the level set-based topology optimization method, the boundary is expressed by the level set function as follows.
We note that the upper and lower limits are imposed on the level set function, which are required to represent the fictitious interface energy that is used for the regularization of optimization problem. According to the above mathematical definition, the values of level set function φ(x) range between −1 and 1. Negative values represent the void domain, positive values represent the material domain, and a value of zero represents a structural boundary. In the level set-based topology optimization method, the topology optimization problem that determines the optimal configuration of a structure in the fixed design domain can be described as follows.
The characteristic function χ φ [φ] which employs the level set function φ(x) as its variable is introduced as
As in Eq. (4), values of 1 represent solid material including structural boundaries, and values of 0 represent void domains.
Since the characteristic function χ φ [φ] can be discontinuous in infinitesimal intervals in the fixed design domain, the above topology optimization problem is an ill-posed problem which needs to be regularized. A fictitious interface energy based on the phase field model, the so-called Tikhonov regularization method, is introduced to regularize the optimization problem (Yamada, et al., 2010) . By adding a fictitious interface energy term to the original objective functional, the regularized topology optimization problem is defined as follows.
where F R is the regularized objective functional, R[φ] is the fictitious interface energy term, expressed as follows.
where τ > 0 is a regularization parameter that represents the extent of the regularization (the ratio of the fictitious interface energy and the value of the objective functional). The optimization problem formulated with constraints is now replaced with an unconstrained formulation using Lagrange's method as follows, assuming thatF R is the regularized Lagrangian and λ is the Lagrange multiplier of the volume constraint.
The KKT-conditions for the above problem are now derived as follows. A level set function that describes the optimal configuration is a candidate solution to the above KKT conditions, but directly solving Eq. (10) is impractical, so we replace the optimization problem with a time evolutional problem that indicates structural changes in the fixed design domain, which progress as time is incremented, as follows.
where t is a fictitious time and K[φ] > 0 is a coefficient of proportionality, assuming that the variation of the level set function with respect to t, ∂φ/∂t, is proportional to the derivative of the regularized LagrangianF R . Then, the variation of the level set function can be replaced by the derivative of LagrangianF in this method, obtained as follows.
where D N represents the non-design domain. As a result, the level set function, representing the optimal configuration of the topology optimization problem, is updated by the time evolutionary equation, i.e., the reaction-diffusion equation.
Acoustic wave propagation problem
Here, we consider a problem of acoustic wave propagation in an acoustic metamaterial under the assumption that the problem is two-dimensional (2D). This paper is limited to a problem dealing with longitudinal waves only. The governing equation is the Helmholtz equation that includes two material properties, namely the mass density ρ and the bulk modulus κ of the acoustic medium, both of which are dependent on position x. The speed of sound, ζ, is expressed as the square root of the ratio of the bulk modulus and the mass density, i.e., ζ = √ κ/ρ . Suppose that the state variable is the sound pressure p, which also depends on position x, and ω is angular frequency of sinusoidal acoustic waves. Then, we have
The acoustic metamaterial here has a periodic structure, designed as a periodic array of basic unit cells in the y direction, with longitudinal incident waves impinging at an angle normal to the left side with the response observed at the right side (Fig. 3) . Each unit cell consists of a distribution of solid material and void domains. After optimization of the basic unit cell, the periodic array of unit cells forming the metamaterial will exhibit the same properties as those of the unit cell, so-called inverse homogenization approach by Sigmund (2009) . In this design problem, the waves travel through the domain boundaries from the left to the right side. Thus, the following boundary conditions are imposed:
where n is the normal vector, k is the wave number, i is an imaginary unit, and p i is the pressure of the incident wave. The first boundary condition describes an absorbing boundary condition with incident pressure p i applied normal to the left boundary. The second boundary condition indicates an absorbing boundary condition with minimal reflection, applied at the right boundary, and the third boundary condition expresses a periodic boundary condition applied at the upper and lower boundaries of the design domain. By denoting p * as the test function corresponding to p, the weak form of Eqs. (13) and (14) is then derived as follows.
where
The above weak form of the governing equation is obtained for the analysis of sensitivities. The physical problem, expressed by the Helmholtz equation in Eq. (13) and the related boundary conditions in Eq. (14), can be solved using the finite element method (FEM).
Effective mass density
An acoustic metamaterial is an inhomogeneous medium with a multilayered structure composed of at least two kinds of homogeneous material, each having distinct values of its material parameters. It is difficult to solve a metamaterial unit cell design problem by considering the characteristics of each homogeneous material individually, and one practical approach is to compute the effective properties based on S-parameters. Thus, the original inhomogeneous material can be conceptually replaced by an equivalent continuous medium which, in terms of wave propagation characteristics, behaves in the same way as the multilayer medium. Note that this approach is effective when the unit cell is at least 1 order of magnitude smaller than the free-space wavelength of excitation. Thus, we apply the S-parameter retrieval method to the description of the acoustic metamaterial in the current design problem (Fig. 4) . Fig. 4 The application of the S-parameter retrieval method, ρ eff , κ eff are the effective mass density and bulk modulus, respectively.
Based on the work of Li and Chan (2004) and following the S-parameter retrieval method, we derive the effective mass density of a metamaterial design using the relative impedance z e and refractive index n, as follows:
where Z 0 and ζ 0 are the acoustic impedance and the sound speed of the background material, respectively. Calculation of relative impedance z e and refractive index n can be accomplished by calculating reflection and transmission coefficients (equivalent to S-parameters). Initial trials for the formulation of z e and n were conducted for an electromagnetic metamaterial in order to obtain effective constitutive parameters (Chen, et al., 2004 , Smith, et al., 2002 , Smith, et al., 2005 . Later, Fokin proposed an extended procedure to obtain expressions of z e and n for an acoustic metamaterial (Fokin, et al., 2007) and discussed the selection of z e and n signs; we adopt Fokin's approach here. For our design, the optimal configuration has a symmetric structure, oriented normally to the direction of the wave propagation. We use two reflection coefficients, so that Eq. (19) is symmetric with respect to S 11 and S 22 , and a single transmission coefficient, S 21 , for the expression of z e and n, as follows.
where d represents the width of a single unit cell of the structure. As Fig. 5 illustrates, S 11 represents the reflection coefficient, a measure of waves reflected from Γ 1 as incident waves strike in this boundary. Likewise, S 22 represents the reflection coefficient that is a measure of waves reflected from Γ 4 in response incident waves applied thereto. S 21 represents the transmission coefficient of waves transmitted from Γ 1 to Γ 4 through the design domain. With p i as the incident field and its complex conjugate transposition as p i * , the reflection and transmission coefficients are expressed as follows, based on their standard definitions. 
Design variables and material interpolation
In a level set-based topology optimization problem, the value of each finite element of the fixed design domain is interpolated according to the material properties of the solid material and void domains that express an optimal configuration. For the acoustic wave propagation problem here, two material properties, namely the mass density ρ and bulk modulus κ, are used as the variables to be changed by level set function for the material distribution. For the void domains, the material properties are represented as (ρ, κ) = (ρ 0 , κ 0 ) and for material areas, the material properties are represented as (ρ, κ) = (ρ 1 , κ 1 ). As previously described, the introduction of the characteristic function χ φ prevents the appearance of intermediate values for the material properties in the optimal configurations. Here, the two material variables are constructed using reciprocal formulations as Eq. (24) and Eq. (25). Compared with the linear formulations, they would guarantee the numerical continuity near the structural boundaries. Detailed explanation can be found in the next subsection.
In the numerical implementation, the characteristic function χ φ is replaced by a smoothed Heaviside function, H (φ), as follows.
where w is the transition width of the Heaviside function, set to a sufficiently small and real value. 
Sensitivity formulation
In the proposed topology optimization procedure, the level set function is updated at each iteration, using a reactiondiffusion equation, and the sensitivity analysis is derived using the adjoint variable method (AVM).
The Lagrangian of the optimization problem is formulated as
where p * i j is the adjoint sound pressure field with respect to S i j . The variation of the Lagrangian is obtained as follows.
where the term ∂l/∂χ φ , χ * φ is excluded because l (p) is evaluated on the exterior boundaries which are outside the fixed design domain, and thus can be ignored in the global expression in which the sensitivity is distributed.
Rewriting Eq. (28), we have
The solution of p * i j can be obtained by solving the following adjoint equation.
The variation of the Lagrangian is now calculated by the following equation.
Based on the definition of the material properties in Eqs. (24) and (25), ∂a/∂χ φ , χ * φ in Eq. (31) is derived as follows:
Employing the same treatment as for l (p) in Eq. (17), the first term of a (p,p) in Eq. (16), namely
which lies outside the fixed design domain, is also ignored in the calculation of the variation of the Lagrangian. Therefore, the time evolutionary expression in Eq. (12) is obtained as follows:
Note that both variables of the mass density ρ and bulk modulus κ, whose values change suddenly in the vicinity of structural boundaries, are not included in the time evolutionary expression, which prevents calculation instabilities. Thus, the sensitivity distributions are continuous and stable near such boundaries, and smooth structural boundaries. Therefore it is appropriate to use reciprocal functions in Eq. (24) and (25) to define design variables ρ and κ (Otomori, et al., 2012) .
Optimization scheme
Here, we construct the level set-based topology optimization scheme that provides the unit cell design for an acoustic metamaterial that has negative mass density at a desired frequency. A successful design depends on the mechanism of local resonance occurring in an artificial structure, based on the model shown in Fig. 1 . That is, a resonance phenomenon leads to a negative effective property such as a negative effective mass density or effective bulk modulus, which is the hallmark of an acoustic metamaterial. An acoustic metamaterial with negative mass density ρ e at a target frequency f t will display a resonance response at frequency f t . Thus, a successful unit cell design will be obtained and the metamaterial will displays a negative mass density at the particular resonance frequency, if we make the objective functional ρ e < 0 at f t . As shown in Fig. 1 , the effective mass density ρ e is a complex function which has a real part Re(ρ e ) and an imaginary part Im(ρ e ). Furthermore, a plot of Im(ρ e ) versus frequency is non-convex and has a single minimal point, whereas that of Re(ρ e ) is concave-convex and has both a peak and a minimum. Thus, from a computational point of view, minimization of Im(ρ e ) is preferable. The optimization problem is now formulated as follows. Since the above optimization only deals with the imaginary part of the effective mass density, we must ensure that the real part of the effective mass density, Re(ρ e ), is also negative, to obtain the desired acoustic metamaterial. When the imaginary part, Im(ρ e ), is minimized at the target frequency, the frequency at the graphed minimum and the target frequency coincide. After optimization of the imaginary part, the real part, Re(ρ e ), is also close to the position of the target frequency. Now, it is easy to obtain the minimum of the real part in the second step optimization, without the worry that the optimization would proceed in an undesirable direction and yield an inappropriate value of the real part of the effective mass density.
In the second step, the real part of the effective mass density, Re(ρ e ), is minimized using the result obtained in the previous step as the initial value. For the effective mass density curve like the one shown in Fig. 1(b) , the above two-step approach is required when the target frequency is smaller than the frequency corresponding to the peak of the real part. If this two-step approach were not employed, the optimization procedure would likely fail when using standard gradient-based algorithms because the optimization is designed to search for smaller values. We note that, although it might be possible to minimize the real part directly in a single optimization in the case when the target frequency is larger than the frequency corresponding to the peak of the real part, we nevertheless use the two-step approach for both cases to limit the scope of this paper. Additionally, we note that, except for certain simple bounds on the design variables, the design problem is unconstrained, so a volume constraint is not applied.
In the two-step optimization scheme, the sensitivities used in the first and second steps are derived using dF/χ φ , χ * φ , which is a complex function with real and imaginary parts that respectively correspond to the sensitivities of the real and imaginary parts of the objective function. Fig. 6 Flowchart of the optimization procedure.
Optimization flowchart
In our paper, we adopt a reaction-diffusion equation to update the level set function using the FEM. With the goal of the two-step optimization procedure being to achieve a unit cell design for an acoustic metamaterial that has minimal and negative effective mass density at a desired frequency, the imaginary part of the complex effective mass density is minimized first in the first step, and then the obtained result is used as the initial value for the second step in which the real part of the effective mass density is minimized. Both steps use identical optimization routines. First, the level set function in the fixed design domain D is initialized. The equilibrium equations are then solved using the FEM and the objective functional is then computed. If the objective functional is converged, the optimization process is finished and the optimal configuration is obtained, otherwise the sensitivity analysis is conducted and the level set function φ is updated based on Eq. (12), again using the FEM. The process then returns to the first step of the iteration loop, which is repeated until the objective functional converges (Fig. 6) . We present here two examples for the design of an acoustic metamaterial with negative mass density at a desired frequency, where a clear material layout is to be found which results in a local resonance. As described in Section 2.6, the design is based on a mass-in-mass structure. The appearance and dimensions of the unit cell to be designed are illustrated in Fig. 7 . The design domain is divided into two parts, i.e., a fixed design domain D and a non-design domain, to simplify the sensitivity analysis, as discussed in subsection 2.5. The entire analysis domain is 30 mm × 30 mm in the (x, y) plane. The fixed design domain D is 20 mm × 20 mm, with a 5 mm-radius circle positioned at the center that is a non-design domain area, as are the areas surrounding D. The entire analysis domain is finely discretized using triangular finite elements initially 0.25 mm on an edge, for the FEM analysis.
Practical implementation and results
Two different materials are used in the optimization for the solid and background material, respectively. The bulk modulus of the solid and background materials are set so that κ 1 =6.27 ×10 5 Pa and κ 0 =2.15 ×10 9 Pa, respectively. The mass density of the solid and background materials are set so that ρ 1 =1300 kg/m 3 and ρ 0 =1000 kg/m 3 , respectively. The material used in the non-design domain is same as the background material. The material for the central gray circle is set to have bulk modulus of 46 ×10 9 Pa, with a mass density of 11600 kg/m 3 . All the materials used in the design are specified according to their mass density and bulk modulus. A new kind of pentamode metamaterial, a so-called "metafluid", has recently been realized that can theoretically obtain any conceivable mechanical properties by varying the relevant parameters (Kadic, et al., 2012) . Furthermore, a liquid state is the ideal state of such materials, which avoids the need to consider transverse waves. The transition width of the Heaviside function w is set to 0.001 in this paper and the regularization parameter τ is set to 2 ×10 −4 . No volume constraint is applied in the numerical examples. An annular ring with 7 mm outer and a 5 mm inner radii, surrounding the central circle, is used as the initial configuration ( Fig. 8(a) ).
3.1. Example 1: Target frequency set lower than the resonance frequency This example shows a case in which the target frequency is 800 Hz, lower than the frequency corresponding to the peak of the effective mass density of the initial configuration. For this target frequency, the target wavelength λ is roughly Due to the special characteristic of the effective mass density curve, minimization of the imaginary part of the effective mass density is conducted first, as described above. The optimized configuration of the first step has the solid material represented in black and the void material in white (Fig. 8(b) ). Accordingly, the effective mass density curves for the initial and optimized configuration are shown in Fig. 9 . The imaginary part of the effective mass density (the dashed line) decreases gradually during the optimization process, i.e., the curve of the imaginary part moves toward the left, and ultimately reaches the minimum value at the desired frequency of 800 Hz. The value of the imaginary part of the effective mass density decreases from −37.27 kg/m 3 for the initial configuration to −3.91 ×10 4 kg/m 3 in the optimized configuration at 800 Hz. The convergence history for imaginary part of the effective mass density in the first step is shown in (Fig.10(a) ). The second step is then applied to minimize the real part of the effective mass density, using the optimized configuration obtained in the first step as the initial configuration, to achieve the goal of obtaining a negative mass density at 800 Hz. Following the optimization procedure described in Section 3, the optimized configuration for the second step is shown in Fig. 11(b) ). Likewise, black area is filled with the solid material and white area area the background material. The effective mass density curves for the 2nd step are shown in Fig. 12 . The real part of the effective mass density (the solid line) decreases sharply and reaches a minimum at 800 Hz. Finally, the value of the real part of the effective mass density at 800 Hz becomes −1.80 ×10 4 kg/m 3 . The convergence history of the real part of the effective mass density shows some oscillations at the start, then reaches a minimum and remains essentially stable thereafter ( Fig.10(b) ). Sound pressure distributions and local velocity of the initial configuration (a) and the optimal configuration (b) at 800Hz at certain time are shown in Fig. 13 , where the contours represent sound pressure distributions with different scales in the (a) and (b) illustrations and the black arrows indicate local velocity. Known from the pressure contours in both illustrations, the pres-(a) the first step; (b) the second step. Fig. 10 Convergence history of objective function, (Im(ρ e ))) and (Re(ρ e )), of the effective mass density minimization problem targeting 800 Hz.
(a) initial (the first step optimized); (b) the second step optimized. and right boundary moves to the left as well. As in this example the applied force (corresponding to incidence pressure in this paper) points to the right, thus the mass density becomes negative. Half a period later, both the applied force and the integrated acceleration values at boundaries change the signs, so that the mass density remains negative. This example implies that the optimization successfully found a minimized and negative effective mass density at the desired frequency, and a smooth and symmetric material distribution was obtained.
3.2. Example 2: Target frequency set higher than the resonance frequency Here we present a case in which the target frequency is 1,300 Hz, higher than the frequency corresponding to the peak of the effective mass density of the initial configuration. The initial configuration is same as that for Example 1. For this target frequency, the target wavelength λ is roughly 1140 mm in the background material (λ/d = 38).
We again apply the two-step approach, although directly minimizing the real part of the effective mass density might theoretically be effective in this case. The initial configuration used for the first step, and the optimized configuration obtained after the second step, are shown in Fig. 14 , where black area represents the solid material and white area the background material. The corresponding curves of the effective mass density are shown in Fig. 15 . The minimum value of the real part of the effective mass density was reached at the 1,300 Hz target frequency, and deceased to −1.37 ×10 Fig. 12 Effective mass density curves for the second step of effective mass density minimization problem targeting 800 Hz.
(a) the initial configuration; (b) the optimal configuration. occurrence of the resonance at 1,300 Hz. The convergence history during the first and second steps of the optimization is shown in Fig. 16 . Figure 17 shows the sound pressure distributions and local velocity of the initial configuration (a) and the optimal configuration (b), at 1,300Hz at a certain time. As in the previous example, the color gradients represent sound pressure distributions over the entire fixed design domain, with different scales in the (a) and (b) illustrations. The pressure increases from about 0 Pa (8.9 ×10 −3 Pa exactly) in the initial configuration to 1.7 Pa in the optimal configuration where the resonance happens. The black arrows indicate local velocity and the material movement and accumulation lead to the optimal configuration. Applying integration to the acceleration of the left and right boundaries of the obtained optimal configuration, the integrated acceleration of the left boundary Γ 1 is 1.65×10 −5 −1.46×10 −4 i m 2 /s 2 and that of the right boundary Γ 4 is −2.38×10 −5 −1.77×10 −4 i m 2 /s 2 , which indicate both of the left and the right boundaries move to the left. In this example, the applied force (corresponding to incidence pressure) points to the right, finally it leads to negative mass density. After the phase has changed 180 degrees, the acceleration values integrated at the boundaries will have opposite signs and the applied force will change its sign as well, so that the sign of the mass density remains negative. The smooth and symmetric result again implies that an acoustic metamaterial with a minimized and negative effective mass density at a different frequency was achieved by the optimization procedure. Thus, the proposed method effectively achieves unit cell designs for an acoustic metamaterial that exhibits negative mass density in cases regardless of whether the target frequency is higher or lower than the target frequency corresponding to the peak of the effective mass density of the initial configuration.
Conclusion
We presented a level set-based topology optimization method applied to the design of acoustic metamaterials with negative mass density based on a mass-in-mass system that consists of a solid inclusion coated with a soft materials embedded in matrix material to produce a local dipole resonance. The following results were obtained.
(1) Two designs for subwavelength unit cells for an acoustic metamaterial constructed as an artificial composite were obtained. The effective medium approximation (EMA) theory was applied for the homogenization of the unit cell. The effective material property of the metamaterials was computed based on S-parameters.
(2) The designs of the acoustic metamaterial unit cells were achieved by minimizing the effective mass density, leading to a resonance at a desired frequency. A level set-based topology optimization method, using a reaction-diffusion equation, was successfully applied to obtain optimized configurations with smooth boundaries.
(3) A mass-in-mass system was effective in achieving acoustic metamaterials with a negative mass density. A two-step optimization approach enabled the handling of effective mass density curves that have concave-convex shape.
(4) During the optimization procedure, the FEM was used to solve the equilibrium equation of acoustic wave propagations, and to update the level set function. Moreover, the FEM was also applied to perform sensitivity analyses in both steps, combined with the Adjoint Variable Method.
(5) The proposed method successfully found optimized material distributions for different target frequencies, and provided a flexible and reliable means for the design of acoustic metamaterials, without relying on physical experiments or trial and error approaches.
(6) This research was limited to case having two material phases. In future research, we hope to apply the proposed method to cases with three material phases so that the novel properties and potential applications of acoustic metamaterials can be more easily realized. It was also limited to single negative metamaterials. We also hope to extend our method for the design of double negative metamaterials, namely, the metamaterials with negative bulk modulus and mass density simultaneously. It would also be beneficial to verify the optimal results through experiments and cooperation with other researchers. This might increase the reliability of the design results and stimulate a wider interest in these novel manmade materials.
(a) the first step; (b) the second step. Fig. 16 Convergence history of objective function, (Im(ρ e ))) and (Re(ρ e )), of the effective mass density minimization problem targeting 1300 Hz.
(a) the initial configuration; (b) the optimal configuration. 
